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There are at least two well-developed theories of noncommutative smoothness. Auslander reg- 
ularity (generalizing Serre's homological characterization of commutative regular algebras) is well 
suited to deal with questions from K-theory, derived categories and intersection theory. Formally 
smooth algebras and smooth orders (generalizing Grothendieck's categorical characterization of 
commutative regular algebras) are well suited to deal with geometric questions such as the etale 
local structure (of the algebra and its center) and Brauer-Severi varieties. Not surprisingly, 'real life 
situations' (such as stringtheory) often require the best of both worlds. 

1. Definitions 

Let A be an affine C-algebra and denote with rep^ A the affine scheme of n-dimensional rep- 
resentations of A. The basechange group GLn acts on this scheme and the geometric points of 
the algebraic quotient iss„ A = rep^ A/ /GLn classify the isomorphism classes of semisimple 
n-dimensional representations of A. In general, rep^ A can have several connected components 
and in the decomposition 



we say that a is a dimension vector of total dimension \a\ = n. The corresponding algebraic 
quotient will be denoted by iss^ A and its coordinate ring = C[issa A\ is a central subring 
of the algebra of GL„-equivariant maps 



from repo, A to M„(C). The algebra ^ is a Noetherian algebra and is a finite module over Zq^. 
We define two a-relative notions of noncommutative smoothness on A. 

Definition 1 ^4 is said to be a-Auslander regular (or equivalently, A is Auslander regular) if 
the following conditions are satisfied fox B = A: 

1. B has finite global dimension, gldim{B) < oo. 




a 
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2. For every finitely generated left B-module M, every integer j > and every (right) B- 
submodule N of Ext-'^{M, B) we have that j{N) > j, Here, j{N) is the grade number of 
N which is the least integer i such that Exf^{N, B) ^ 0. 

3. For every finitely generated left i?-module M we have the equality 

GKdim{M) + j{M) = GKdim{B) 



where GKdim denotes the Gelfand-Kirillov dimension, see for example 1 13] 



A major application of this notion is that it allows us to study finitely generated i?-modules in 
terms of pure modules using the spectral sequence 

El^'^M) = ExtP^{Ext%{M,B),B) ^ HP-^{M) 

where H^{M) = M and W{M) = for i 7^ 0. By property (2) the second term of this sequence 
is triangular. 

Definition 2 A is said to be a-smooth (or equivalently, ^4 is a smooth order) if the following 
conditions are satisfied : 

1 . The connected component rep^ ^ is a smooth variety. 

2. A Zariski open subset azu^ A (the Azumaya locus of A) of rep^ A consists of simple 
representations. 

By (2) the quotient rep^, A — IsSq A is generically a principal PGL„-fibration and 
hence determines a central simple algebra of dimension v? (where n = \a\) over the function field 
of Zq. By (1), is integrally closed and therefore A is an order in the central simple algebra 
having as its center Za- The main application of this notion is that it allows us to describe the etale 
local structure of A and of Z^. Let ^ be a point of iss^ A with corresponding semi-simple 
n-dimensional representation 

M = s®^^ © . . . e 5®''= 

Consider the local quiver setting {Q, e) where Q is the finite quiver on k vertices {vi, . . . , Vk} (cor- 
responding to the distinct irreducible components of M) such that the number of oriented anows 
from Vi to Vj is given by the dimension of the extension space Ext\{Si, Sj). The dimension vector 
e of the quiver Q is given by the multiplicities (ei, . . . , Cfc) with which these simple components 
occur in M. To be precise, there is a GL„-equivariant etale local isomorphism between rep^A 
and the associated fiber bundle 

GLn x^^(^) rep^Q 

where rep^Q is the vectorspace of e-dimensional representations of the quiver Q on which the 
group GL{e) = GL^^ x . . . x GLg^ acts by basechange. Moreover, the embedding GL{e) ^ — >- GLn 
is determined by the dimensions of the simple components Si. As a consequence, there is an 
etale local isomorphism between iss^^ and the quotient variety Iss^Q = rep^Q/ /GL{e), the 
variety parametrizing isoclasses of semisimple e-dimensional representations of Q. In particular 
this allows us to control the central singularities which were classified in low dimensions in 
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2. Auslander regularity 



In reverse geometric engineering of singularities in stringtheory (see e.g. [Q, §2]) one is interested 
in the case that the non-Azumaya locus (the 'non bulk representations' in physical lingo) consists 
of isolated singularities. We are able to determine the etale local structure of such a-smooth orders. 

Lemma 1 Let A be an a-smooth order such that {p} is an isolated singularity which is locally the 
non-Azumaya locus. Then, the etale local structure of A in p is determined by a quiver setting 



k4 



k2 



1 

ki ■ 



A ki 

1 1 



where Q has I vertices and all ki > 1. The central dimension is 



Proof. To start, e is the dimension vector of a simple representation of Q. By the results of [14] this 
implies that Q is a strongly connected quiver (any pair of vertices Vi, Vj is connected by an oriented 
path in Q starting at Vi and ending in vj) and that the dimension vector e satisfies the numerical 
conditions 

XQ{e,Si) < and XQ{Si,e) < 

where XQ is the Euler-form of the quiver Q (that is, the bilinear form on determined by the 
k X k matrix whose -entry is 6ij— the number of arrows from Vi to Vj and where 6i is the 
basevector concentrated in Vi). Next, we claim that e = (1, . . . , 1). If not, there are e-dimensional 
semi-simple representations of Q of representation type 

(1, (1, . . . , 1); ei - 1, 5i; . . . ; efc - 1, 5k) 

(the first factor indeed corresponds to a simple representation of Q as Q is strongly connected) 
which is impossible by GL„-equivariance and the fact that the non-Azumaya locus is concentrated 
in p (which corresponds to the point of representation type {ei,6i; . . . ;ek, 6k)). 

We claim that every oriented cycle in Q has as its support all the vertices {vi, . . . ,Vk} and 
consequently that the quiver setting {Q, e) is of the following shape : 



k4 

k-i 



k2 



1 

ki 



■■A kk 

1 )• 1 
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Indeed, let C be an oriented cycle of minimal support in Q, let 5ic = 1 iff Vi G supp{C-j and 
zero otherwise and let 6c = (<5iC) • • • > ^kc)- Then, if C 7^ {^i, . . . ,Vk} there would be points of 
representation type 

(1, ^c; ei - he, Si;...;ek- Skc, 
contradicting the assumptions. That is, the Euler-form of the quiver Q is given by the matrix 



1 -ki 

1 -/C2 



-kk 






-h-i 
1 



and the statement on the dimension follows again from [14]. 



Theorem 1 If A is a smooth order such that its non-Azumaya locus consists of isolated singu- 
larities, then A is Auslander regular 



Proof. From [|l4|] we recall that the ring of polynomial GL(e) -invariants on rep^Q is generated by 
the traces along oriented cycles in Q. Therefore, 

C[iss,Q] = C[rep^Q]^^(^) = R = C[x,^{l)xi,{2) . . . Xi^{k)- l<ij< kj] C C[rep^Q] 

Therefore, p is a singular point of Za = iss^^ if and only if at least two of the ki > 2 because by 
the etale local isomorphism the completion of the coordinate ring CfisSoA] at the maximal ideal 
determined by p is isomorphic to R, the completion of R at the maximal ideal generated by all 
traces along oriented cycles in Q. 

Similarly, we can determine f^A, the completion of the smooth order A at the central 
maximal ideal determined by p from [|I4{], 



A 



Md,xdAM2i) Md,{R) Md,xdAM23) 
Md.xdAMsi) Md,xd2{M32) Md,{R) 

Md.xdAMki) Md,^d2{Mk2) Md,^dsiMk3) 



Md,xd,iMik) 
Md,xd,{M2k) 
Md.,xd,{M3k) 

Md,{R) 



Here, di = dimc{Si) and Mij is the i?-submodule of C[[xi{j), I < i < kj , 1 < j < k]] generated 
by the oriented paths in Q from Vi to Vj. 

The strategy to prove that J^A is Auslander regular is to use the GL{e) = C* x . . . x C*-action 
on rep^Q to obtain central elements of f^A corresponding to certain arrows. Modding out these 
elements in a specific order will reduce the quiver until we are left with a hereditary (in particular, 
Auslander-regular) order. We can then retrace our steps using the result that if i? is a Noetherian 
algebra with central element c such that B/{c) is Auslander-regular, then so is B. 
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Let {zi, . . . , z/} be the vertex-indices such that k^^ > 2 and after cyclically renumbering the 
vertices (if needed) we may assume that zi = k. For all i / zi set = 1 and let Ri respectively 
Bi be the algebra obtained from R respectively f^A using these assignments, then clearly, 



R^R 



and 



The advantage of this change of generators is that {xz^ (1), . . . , (^^i)} generators of and 
the quotient-algebras 



Ri 



R^ 



[xzi (2) , • • • , {kzi ) ) 



respectively Bi 



B, 



{xz^{2),...,Xziikz^)) 



are isomorphic to the completion of the algebra of polynomial invariants (resp. equivariant maps) 
of the quiver setting (Qi, e) where Qi has the same shape as Q except that there is just one arrow 
from Vz-^ to Vz-^+i- Repeat this procedure, starting with the quiver setting {Qi, e) with vertex Vz2- 
That is, for all i Z2 set Xi{l) = 1 and let R2 respectively B2 be the algebra obtained from the 
completion of the algebra of polynomial invariants (resp. equivariant maps) of the quiver setting 
{Qi,e) using these assignments and let R2 respectively B2 be the quotient algebras obtained by 
modding out the generators {xz2 (2) , . . . , Xz2 (^^2 ) } of ^2 and observe that these quotients are the 
relevant algebras corresponding to a quiver setting ((52; e) where Q2 has the same shape as Qi 
except that there is just one arrow from Vz2 to Vz2+i and so on. 

After / iterations of this procedure we arrive at the quiver setting {Qi, e) where Qi is of the 
form 



from which we deduce that i?; ~ C[[x]] and that 

Mrf,(C[[x]]) Mrf,xrf,(C[[x]]) 
Md2>cdAxC[[x]]) Mrf,(C[[x]]) 
5, ~ Md3xdi(xC[[x]]) Md,xd2{xC[[x]]) 



Md,^,,{C[[x]]) 
M,2xMx]]) 
Ma,{C[[x]]) 



•• Mrf,xd,(C[[x]]) 
•• M,2xd,{C[[x]]) 

■■ Mrf3xd,(C[[x]]) 



M,^^,,{xC[[x]]) M,^^,2ixC[[x]]) M,,x,3(xC[[x]]) ... M,,(C[[x]]) 

It is well known that Bi is an Auslander-regular algebra and as we divided out central elements 
in each step (and in each step, the localizations at these central elements are Azumaya algebras 
with regular center hence Auslander regular), we derive using [|l^, theorem III.3.6] that also J^A 
is Auslander-regular. Because Auslander-regularity is preserved under central etale extensions and 
because A is at all other points an Azumaya algebra over a commutative regular ring, Auslander 
regularity of A follows. 
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3. Isolated singularities 

In this section we will give the etale local structure of an a-smooth order in an isolated central 
singularity. That is, we will extend lemma [T] without the condition on the Azumaya locus. Because 
an a-smooth order is locally determined by a quiver setting (see section 1) the problem reduces to 
classifying all quiver settings (Q, a) such that issa Q is an isolated singularity. 

If t) is a vertex having no loops in Q and such that xq{^v,0!) > or xq(q^i ^v) > 0, then we 
replace the quiver setting {Q, a) by {Q', a') where Q' is the quiver obtained from Q by deleting 
the vertex v and adding arrows corresponding to 2-paths through v 

• • • 6^)" 
vitJ • • • @ 

(note that some of the vertices in the picture may coincide leading to loops). The dimension vector 
a' = a \ supp Q'. The reduction step {Q, a) ► {Q', a') wiU be denoted by RJ. 




Theorem 2 Let A be an a-smooth order and p a central isolated singularity. Then, the etale local 
structure of A in p is determined by a quiver setting (Q, e) which can be reduced, via iterated 
use of Rj, to a quiver setting 

1 < 1 




k2 



with I > 2 vertices and all ki > 2. The central dimension is equal to 

d=^ki + l-l 

i 

Contrary to the situation of the previous section, we can have central points q G iss^ A 
corresponding to proper semi-simple representations 

M = e . . . e 5®"' 

such that isSfj A is smooth in q, or equivalently, that the local quiver setting {Qq, eg) defined in 
section 1 is coregular, that is, iss^^ Qg is a smooth variety. Thanks to [Q] we have a classification 
of coregular quiver settings. For a quiver setting (Q, a) with a vertex v such that a„ = 1 and there 

are loops in u we define the reduction step R^jj to be (Q, a) {Q', a) where Q' is the quiver 

obtained from Q by removing the loops in v. 

For a quiver setting {Q, a) and a vertex v such that = k > 1, there is a unique loop in v 
and the neighborhood of Q in f is one of the situations on the left hand side of the pictures below 
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(again, some of the vertices may be the same). Then we define a reduction step RJjj which sends 

(Q, a) >- {Q', a) where Q' is Q with the neighborhood of v replaced by the situation on the 

right hand side of the pictures. The main result of ^ asserts that {Q,a) is a coregular quiver 
setting if and only if it can be reduced by an iterated use of the reduction steps RJ , R^jj and RJjj 
(and their inverses) to one of the three quiver settings below : 



© 



O 



A representation type r = (ei, /3i; . . . ; e;, of a quiver setting (Q, a) satisfies a = ei/3i + 
. . .+ei[3i and all /3i are dimension vectors of simple representations of Q (and we have a description 
of those from Jl4|]). The local quiver setting in a point ^ G iss^ Q of representation type r depends 
only on T : Qr is the quiver on / vertices such that there are exactly 5ij — XQiPi^Pj) arrows (or 
loops) from the i-th to the j-th vertex and = (ei, . . . , e;), see [p^. The stratum Sr consisting 
of all points in IsSq, Q having representation type r has dimension 

dim Sr = ^^(^j — + 1 

loop 



where the sum is taken over all vertices wj having loops in Q^, see []14|]. If we apply this to the 



representation type (ai, ei; . . . ; a^, e^) of the trivial representation we deduce : 

Lemma 2 If (Q, a) is a quiver setting such that IsSq, Q is an isolated singularity, then there are 
no loops in Q. 

If {Q, a) {Q', a') is a sequence of reductions RJ, RJj or RJjj we have that either 

issa Q = IsSq/ Q' or iss^ Q = iss^/ Q' x 

for some z (see [^). By this and the lemma we have that any reduction of a quiver setting [Q, a) 
with issa Q an isolated singularity involves only reduction steps RJ. We will characterize the 
reduced settings, that is those that cannot be reduced further. 

Lemma 3 If{Q,a) is a reduced quiver setting with iss^ Q an isolated singularity, then a = 1 = 
(1,...,1). 

Proof. Assume u is a vertex having maximal > 2. Because {Q, a) is reduced it follows from 
the definition of reduction step Rf that for all vertices w we have 

XQ{(^w,a) < and XQ(a,(^w) < 
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Therefore, by |14] we have that a — e^, is the dimension vector of a simple representation of Q and 
we look at the local quiver setting (Qr, Or) for the representation type r = (1, e^; 1, a — e„). This 
is of the form 



where a = -Xqi^v^a - e„) = -xq{(^v, a) + 1 > 2, 6 = -xqia - e^) = -xqia, e^) + 1 > 2 
and k = 1 — — a — ev)- Therefore, (Qr, Qr) is not coregular and hence isso Q is not an 
isolated singularity, a contradiction. 



Proof of theorem 2 : If (Q, a) is a quiver setting such that iss^ Q is an isolated singularity, we 
can reduce it by iterated use of i?j to a setting {Q' , 1) by the previous lemma. We now claim that 
Q' is of the prescribed form, that is that every cycle in Q' passes through all vertices. If not let 
{vii, . . . , Vip} be the vertices through which a cycle does not pass and consider the representation 
type 

T = (1, 1 — ein-^ — ... — e^ijp ; 1, e^.-^ evip) 

The local quiver Qr has p + 1 vertices {wo,wi, . . . ,Wp} where wj corresponds to Vij and wq 
collects the remaining vertices V of Q. Via this identification, the quiver on {wi, . . . , Wp} is 
identical to that of Q on {vn, . . . , Vip} and the number of arrows from (resp. to) wq to (resp. from) 
Wj is equal to the number of arrows from (resp. to) V to (resp. from) Vij in Q and there is a number 
of loops in Wq. 

If (Qr, It) is reduced (after removing the loops at wq), then it cannot be coregular by as 
Qr has at least two vertices whence iss^ Q is not an isolated singularity. 

If [Qr, Ir) can be reduced (after removing the loops at wq), then the only possible reduction 
step is as all wj (j > 1) have at least two incoming and two outgoing arrows. The follow- 
ing lemma asserts that [Qr, Ir) cannot be regular whence again IsSq, Q cannot be an isolated 
singularity. 



Lemma 4 A coregular quiver setting {Q,l) with Q strongly connected and having more than one 
vertex has at least two vertices v allowing reduction step K^. 

Proof. By induction on the number n of vertices. If n = 2, then by the classification of coregular 
quiver settings {Q,l) must have the form 




k 



whence (after removing the loops) both vertices allow reduction Rj. If n > 2 perform one reduc- 
tion RJ (say with one outgoing arrow ending in w) to produce of quiver Q' on n — 1 vertices. In Q' 
only w can change its (ir)reducible status (either way). As we removed the reducible vertex v from 
Q the number of reducible vertices in Q' is less than or equal the number of reducible vertices of 
Q but by induction Q' has at least two reducible vertices. 
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Theorem 3 The isolated central singularities of an a-smooth order A and a (3-smooth order B 
are etale equivalent if and only if their local quivers can be reduced to quiver settings 



k4 



m4 



k2 



mi 



resp. 



nil 



Mi 



having the same number of vertices and such that the l-tuples {ki, . . . ,ki) and (mi, . . . ,mi) are 
the same upto a permutation. 

Proof. We give two proofs of this result. By [[l^] the coordinate ring of a quotient variety iss^ Q 
is generated by traces along oriented cycles in the quiver Q. In the case of the left hand quiver 
settings, these invariants are easy to determine : the dimension of the power m' of the maximal 
graded ideal mYm*"''^ is equal to 

i y ■■ V i 

whence Mi^i/Mi = (i + + ki) . . . {i + kn). The rational function 

_ (x + fci) . ■ ■ (x + kn) 
^^''>~ (x + 1)- 

is determined by its values on all x € N whence the dimension-sequence Mj+i/Mj determines the 
roots and their multiplicity (note that none of the ki = las the quiver setting is reduced. From this 
the difficult part of the result follows. Alternatively, the result follows from the fact that iss^ Q is 
the cone on the projective variety p'^i^^ x . . . x p'^'""!. 

4. Applications 

A quiver gauge theory consists of a quiver setting {Q,a) together with the choice of a necklace as 
in Ig] (a superpotential) W G dR^ CQ = CQ/[CQ, CQ], that is, 

j 

is a sum of oriented cycles in the quiver Q with arrows say {ai, . . . ,ai}. Such a necklace induces 
a GL{a) invariant polynomial function 



W : rep, Q 



V^Y.Tr{Va,^...Va, 



and hence a GL„-invariant function on the a-component GL„ x'^^(") ^sp, Q of rep„ CQ. From 
the differential dRO. CQ dR|. CQ we can define by partial differential operators associ- 
ated to any arrow a in Q with start vertex Vi and end vertex Vj 

: dRlr CQ CiCQe,- by df = V ^da 



aeQa 
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To take the partial derivative of a necklace word w with respect to an arrow a, we run through w 
and each time we encounter a we open the necklace by removing that occurrence of a and then 
take the sum of all the paths obtained. 

Definition 3 The vacualgebra of a quiver gauge theory determined by the quiver setting (Q, a) 
and the superpotential W is the Noetherian affine C-algebra 



/ dqW where dq W 

J a 



CQ 



( aw aw \ 

V aai ' • • • ' dai ) 

The affine variety rep^ Oq W is said to be the space of vacua and the algebraic quotient IsSadqW 



is called the moduli of superpotential vacua, see for example [16]. 



In order to get realistic models, one has to impose additional conditions, for example that the 
superpotential W is cubic (meaning that every arrow in Q must belong to at least one oriented cycle 
of length < 3) or that iss^ dq is three-dimensional, see for example [|l|], JIol]. 

Applications of Auslander regularity of dq W are well-documented in the literature (a.o. 
§3],[§, §6] or [||]). Applications of smoothness of dq W (that is, that the space of vacua 
rep„ dq W is a smooth variety) are more implicit. In comparing the algebraic quotient with the 
moment map description (comparing F-terms to D-terms) or defining a Kahler metric one can get 
by using the induced properties from smoothness of rep^, CQ. However, in comparing geometrical 
properties (such as flips and flops) of related moduli spaces (of semi-stable representations for 
algebraists, adding Fayet-Iliopoulos terms for physicists) one sometimes uses the stronger results 



of 1 18] and (Rfl for which smoothness of the total space is crucial. Ideally, one would like to have 



vacualgebras having both smoothness conditions. 

Example 1 (The conifold algebra, see [^) The relevant quiver setting {Q, a) is of the form 

1 1 

2/2 

and the necklace (superpotential) is taken to be 

W = X{ixiy2 - X2yif - {yiX2 - y2Xif) 
Therefore, the defining equations of dq W are (taking into account that XiXj = and yiyj = 0) 

dW 

^ — = yiX2y2 - y2X2yi = 
dxi 

dW 

^ — = y2Xiyi - yixiy2 = 

dX2 

dW 

- — = X2y2Xi - xiy2X2 = 
oyi 

dW 

- — = xiyiX2 - X2yixi = 
oy2 
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Observe that these identities are satisfied for all representations of rep^ Q as a = (1,1) and 
therefore 

rep^ dQW = GL2 x^'""^* rep^ Q and f dQW= [ CQ 

J a J a 

and therefore the vacualgebra is a smooth order. 

Moreover, the quotient variety IsSq Q is easily seen to be the conifold singularity as the ring 
of invariants is generated by the primitive oriented cycles 

X = xiyi y = X2y2 u = xiy2 v = X2yi 

which satisfy the relation xy = uv. Therefore, by the theorem the conifold algebra dw Q is 
also Auslander regular. One can also check immediately that the description of the conifold algebra 
given in §1] is the algebra of equivariant maps from rep^ Q to M2(C) (or to be more precise, 
if we take the relevant gauge groups into account, a ring Morita equivalent to the conifold algebra). 

By the results of [^] we know that the only type of singularity that can occur in the center 
of a smooth order (in dimension three) is the conifold singularity. Therefore, in most models 
considered by physicists, see a.o. [|l|], [ [TTI ] or [ [T7| ] the space of superpotential vacua rep^ dq W 
must contain singularities as the moduli space is a three dimensional quotient variety (different 
from the conifold) or has a one-dimensional family of singularities (which cannot happen for a 
three dimensional smooth order). 

There is a standard way to remove (most of) the singularities in rep^ Oq W by restricting 
to semistable representations. Let us quickly run through the process. For a dimension vector 
a = {vi, . . . ,Vk) € N*^ let U (a) be the quotient of the Lie group U{vi) x . . . x U{vk) by the 
one-dimensional central subgroup [/(1)(1„^ , . . . , 1^,^,). The real moment map for a-dimensional 
quiver representations of Q is the map 

rep, Q Lie U{a) F ^ 1 ^[^^ , V^] 

There is a natural one-to-one correspondence (actually a homeomorphism) 

issa Q ^ n~'^{0)/U{a) 

Let fi = (ui, . . . ,Uk) € Q'^ such that fi.a = "^UiVi = 0, then we say that a representation 
V G rep, Q is //-semistable (resp. //-stable) if for all proper subrepresentations W C V we have 
that fi.p > (resp. /i./3 > 0) where /3 is the dimension vector of W. If rep^ Q denotes the Zariski 
open set (possibly empty) of //-semistable representations of rep, Q, then the geometric invariant 
quotient 

moduli^^ Q = rep(^ Q//GL{a) — iss^ Q 

classifies the isomorphism classes of a-dimensional direct sums of /i-stable representations and is 
a projective bundle over iss^ Q. Moreover, there is a moment map description of this moduli 
space 

modnli>^Q = fi^\fi)/U{a) 



- 11 - 



For more details on these matters we refer to Jl^]. 

If Iw denotes the set of zeroes of the ideal of relations of C[rep^ Q] imposed by the defining 
relations of dq W, then 

isSo^dgW = ip^Ho)niw)/uia) 

and the geometric invariant quotient of the open set of //-stable representations of dq W is a. 
projective bundle over it 

moduli;^ dqW = n Iw)/Uia) — iss„ dq W 

The moduli spaces of /x-semistable representations can be covered by open sets determined by 
determinantal semi-invariants and consequently we can define a sheaf of noncommutative orders 

O^^^ over moduli^ dqW 

which locally is isomorphic to iss^ yl of a suitable algebra A. 

In favorable situations, rep^ dq W will be a smooth variety and the moduli space modulio dq W 
will be a (partial) desingularization of IsSq, dq W. In physical terminology this process is de- 
scribed as 'adding a Fayet-Iliopoulos term'. An immediate consequence of the theorem then im- 
plies : 

Proposition 1 With notations as before, ifrep^ dq W is a smooth variety and if the partial desin- 
gularization modulia dq W has isolated singularities as its non-Azumaya locus, then Oq^ ^ is a 
sheaf of Auslander regular orders over modulia dq W. 

In physical relevant settings, the resolution moduli^ dq W *■>- Iss^ dq W will often be 

crepant meaning that the moduli space is a Calabi-Yau manifold and the sheaf of orders will be 
an Azumaya sheaf. However, there may be relevant situations where we only have a partial desin- 
gularization, the remaining singularities are necessarily of conifold type and the sheaf of orders is 
locally Morita equivalent to the conifold algebra in the singularities. This explains the importance 
of conifold transitions in (partial) resolutions of three dimensional quotient singularities. 
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